This paper analyzes and computes the equilibria of economies with large numbers of heterogeneous agents who have different asset trading technologies, preferences, and beliefs. We illustrate the value of our method by using it to evaluate the implications of these heterogeneities through several quantitative exercises.
Introduction
This paper extends the methodology developed in Chien, Cole, and Lustig (2011) and Chien, Cole, and Lustig (2012) (hereafter CCL2011 and CCL2012, respectively) to analyze and compute the equilibria of economies with heterogeneous agents who have different asset trading technologies and are subject to both aggregate and idiosyncratic income risk. The different asset trading technologies, which are designed to replicate the portfolio behavior seen in the data, fall into two classes. Active traders manage the composition of their portfolios among a given set of assets in addition to choosing how much to save. Passive traders take their portfolio composition as given and choose only how much to save. There can be a wide variety of different cases within each classes. For active traders, the trading technology varies depending on the set of assets that they can use, while for passive traders * We would like to thank the SED for giving us the opportunity to present our new aggregation result and our heterogeneous belief findings as part of the plenary lecture in Soul Korea in June of 2013. it varies with the specific portfolio composition rule. In CCL2011 and CCL2012, all of our agents had to have the same CRRA flow utility functions, discount rates, and beliefs. In this extension, this restriction is relaxed greatly extending the set of economies to which our method applies. This richer degree of heterogeneity allows the model to match a number of key features of the data. To compute and characterize equilibria, we use a recursive multiplier method and analytic aggregation results with respect to consumption shares and the stochastic discount factor that rely on a single cross-sectional moment of the multiplier distribution. As a result, we can compute equilibria with an iterative method in which we guess and recover a transition rule for the updating of this moment. These iterations do not require computation of "market clearing prices" since we know them analytically as a function of the updating rule. Instead, we simply solve the analog of a dynamic programming problem for each type of agent with respect to their individual multipliers to determine their individual multiplier updating rule. The only input into this problem is the stochastic discount rate implied by the conjectured updating rule for the key cross-sectional multiplier moment. We then pass individual agent's multiplier updating rules through a stochastic panel of aggregate and individual shocks to determine the implied updates of the key cross-sectional multiplier moment. If we recover the same updating rule we conjectured, then we have solved for an equilibrium of our economy. Otherwise, we use the implied updating rule to modify our conjectured rule and continue to iterate on the aggregate multiplier transition rule.
In CCL2011 and CCL2012, we relied on the homogeneity of the inverse of the marginal utility of consumption when all households have common CRRA preferences, discount rates, and beliefs. In our extension, we create a parallel economy of reference traders who have common CRRA preferences, discount rates, beliefs, and a mapping rule that maps our standard household's multiplier into a multiplier for the reference traders such that their consumptions are equal history-state-by-history-state if state prices are the same. All of our aggregation results hold in the parallel economy. Our extended methodology takes advantage of this by using a guess and recover method for the transition rule for the key cross-sectional moment of the reference economy multipliers. We use the regular economy to determine updating rule for traders individual multipliers, given the state prices implied by the transition rule for the key moment of the reference trader's multiplier distribution. We then use these individual updating rules to determine the realized individual multipliers in a stochastic panel. We map these multipliers into the multipliers for our reference traders and then determine the cross-sectional moment and updated transition rule in the parallel economy. The new procedure essentially adds one small step to the original algorithm. However, the set of economies that can be handled includes any for which we can construct a multiplier mapping rule for the reference traders, which turns out to be a very broad set.
Our methodology is well suited to exploring the implications of a rapidly growing literature on household finance that studies the portfolio decisions of households for the macroeconomy. This literature finds that many households do not use asset markets as our standard theory would predict: Both the extent of the assets they use and how they use them differ in important ways (see Guiso and Sodini (2012) for a survey of this literature). First, many households do not use all of the available assets. Second, even households that hold equities make very few adjustments in their financial positions. Third, many households that do adjust their portfolios seem to do so in a backward-looking manner that leads them to systematically mistime the market. These empirical findings suggest that many households are either completely unresponsive to variations in the pricing of risk or they respond in the wrong direction. This pattern of asset usage by households is potentially important since it creates a form of market segmentation that can have wide ranging implications for many aspects of our models' predictions such as household consumption behavior, the distribution of wealth, and most directly, asset prices.
CCL2011 and CCL2012 used this methodology to impose portfolio behavior on passive households in the model to evaluate its impact. We found that having a large number of investors who invest only in low-risk / low-return portfolios means that other investors must take on more risk, particularly aggregate risk. We also found that having a large number of investors who invest in equities very passively, allowing the equity share in their portfolios to rise and fall with excess returns on equity, means that the equity investments of other traders who do adjust their equity positions must move in a counter-cyclical manner, rising when the price of risk is high and falling when it is low. We found that the concentration of aggregate risk through equities on a small number of active traders has the potential to generate both a high and a highly volatile market price of risk (MPR), which has been a challenge for our asset pricing models (see Lettau and Ludvigson (2010) ). Also, having a large number of households that do not use assets well can explain their failure to smooth their consumption to the degree that the richness of actual financial markets would allow. Finally, the fact that households realize very different returns on their investments can explain the distribution of wealth: both the fact that it is highly skewed relative to income and that equity investment is highly correlated with wealth.
We apply this new methodology to several quantitative experiments. In the first set of experiments, we examine the impact of different attitudes toward the future derived through either belief heterogeneity or patience. We consider two forms of belief heterogeneity that lead to overweighting of recent events or recency bias in forming their beliefs. Disagreements of this sort seem natural in a world in which the stationarity of the mechanism generating our data is not obvious. We examine the implications of this recency bias for the behavior of our actively trading households because belief differences are likely important both in terms of their overall savings behavior and their portfolio decisions. The active traders with some form of recency bias become more (less) optimistic about the likelihood of a good growth shock precisely when the price of risk is rising (falling); their investment behavior is less responsive to the price of risk, forcing the standard active traders to have large counter-cyclical aggregate risk exposure. This leads the recency-bias active traders to mistime the market and substantially increases the counter-cyclical volatility of the MPR. This mechanism is complementary to the mechanisms explored in CCL2011 and CCL2012 because it involves a different set of traders and a similar cyclical concentration of risk for the standard active traders. In addition, the inclusion of active traders with reduced patience has very little impact on asset prices because these reduced-patience traders take very similar portfolio positions as the standard active traders. The major impact of reduced patience is on their overall wealth level, which falls because of the reduction in their precautionary motive to save.
In the second set of experiments, we examine the role of difference in the attitude toward future fluctuations in consumption derived through different degrees of risk aversion (RA), or the intertemporal rate of substitution (IES), or both. To undertake this experiment, we extend our methodology to include recursive preferences. We then compare the implications of changing these two preference factors for the asset pricing, portfolio, and wealth implications of our model. We find that changes in the IES have very little impact on either overall asset prices or the savings and portfolio decisions of our active traders. In contrast, changes in the degree of risk aversion matter greatly. Increased willingness by some of our active traders to absorb aggregate risk leads to a reduction in the extent to which our standard active traders must absorb aggregate risk and, consequently, a reduction in its price.
One striking finding of our experiments is that households with incorrect beliefs, low discount factors, or higher degrees of risk aversion do not become economically negligible. In fact, they remain large and important throughout. The reason for this is twofold. First, the presence of idiosyncratic risk and net wealth bounds implies that these households have large precautionary saving motivations at low wealth levels. Second, the low risk-free rate exerts a downward force on household wealth. The combination of these factors leads to an ergodically stable wealth distribution for our economy. Moreover, if the standard active traders became economically completely dominant, then asset prices would have to reflect this, which would lead to a low price of risk and a high risk-free rate. This, in turn, would make the other trading technologies more effective and the consequence of incorrect beliefs less substantial. Hence, prices end up adjusting so that these standard active households never become dominant. However, in our belief experiments the right tail of the wealth distribution consists of active traders with the correct beliefs.
The paper proceeds as follows. After a brief literature review, we lay out our model and develop our aggregation results. We do this by constructing a recursive multiplier that serves as the individual's state. Armed with our revised aggregation result, we turn next to our quantitative experiments.
Literature Review
The use of cumulative multipliers in solving equilibrium models was pioneered by Marcet and Marimon (1992) , Marcet and Marimon (1999) and Kehoe and Perri (2002) . See also Cole and Kubler (2012) , and Messner, Pavoni, and Sleet (2012) for extensions and further developments of these methods.
Our use of measurability constraints to capture portfolio restrictions is similar to that in Aiyagari, Marcet, Sargent, and Seppala (2002) , while the aggregation result extends that in Chien and Lustig (2010) to an incomplete markets environment. In continuous-time finance, Basak and Cuoco (1998) and Cuoco and He (2001) provide a computationally efficient algorithm for computing equilibria in environments with a large number of agents subject to both idiosyncratic risk and aggregate risk and heterogeneity in trading opportunities. Recently, Brumm and Kubler (2013) have used recursive multipliers to construct an existence proof and characterize the equilibria in OLG economies. Our paper is related to work by Krusell and Smith (1998) who have an aggregation result for a production economy in which capital is the only traded asset.
Our quantitative results are related to several literatures. One of our main findings is that because of idiosyncratic risk and net wealth constraints households do not become economically negligible despite having incorrect beliefs, or being more myopic, or having high risk aversion. In fact the precautionary motive is so strong that households with incorrect beliefs but sophisticated asset portfolio/trading rule end up having more wealth than the average household who is using a less sophisticated rule. These results are the flip side of results like Sandroni (2000) or Blume and Easley (2006) who showed the individual's with incorrect beliefs will become economically negligible in a Pareto-efficient economy because they will asymptotically put zero weight on outcome paths that are consistent with the correct stochastic process. These results are consistent with those of Tsyrennikov, Sargent, and Cogley (2013) who show agents with Bayesian learning die out in complete markets vs. agents who know the law of motion for the exogenous shocks, but not when the only asset is a bond. However, Borovicka (2013) has shown analytically that agents with incorrect beliefs can survive with recursive preferences in which the level of risk aversion is above the IES.
In terms of asset pricing, we find that having agent's who overweight recent data tends to magnify cyclical fluctuations in the pricing of risk. This is because the Sharpe ratio is countercyclical in our model, as it is in the data. Hence, a sequence of bad shocks both drive up the Sharpe ratio and down probability that our Bayesian agents assign to probability of getting a good shock. This dampens their responsiveness to fluctuations in the true Sharpe ratio and ends up making it rise by more to make the rational agents demand more risky assets. Our feedback effect works very differently than Long, Shleifer, Summers, and Waldman (1990) because the increase in volatility is not coming from the tendency of traders who excessively optimistic bidding up prices. Instead, our traders have different beliefs about the law of motion for the shocks which induce them to have more stable portfolio behavior. This forces the equity share of the rational traders to become more counter-cyclical and thereby induces greater fluctuations in the market price of risk.
We also examine the impact of having households who are more myopic. This turns out to have relatively small affects since these households act as if they have a lower wealth target coming from the reduce impact of the net wealth constraint on precautionary savings. However, their portfolio decisions are similar which leads to only a modest increase in their consumption volatility but essentially no change in the market price of risk or its volatility. In a related vein, Cvitanic, Jouini, Malamud, and Napp (2011) derive analytic characterizations of an exchange economy with differing beliefs, risk aversion and time preference, and show that asymptotically prices are determined by the agents how place the most value on consumption in those states. (See also Ross, Westerfield, Wang, and Kogan (2011), Beker and Espino (2011) and Beker and Espino (2013).) In terms of the role of recursive preferences and the differing affects of risk aversion and the IES on asset pricing and consumption, we find that increasing the IES modestly increases the volatility of a household's consumption but does to change their portfolios. Hence, adding in these households has almost no affect on the market price of risk or its volatility. However, adding in households with lower risk aversion has large affects because it changes their portfolio behavior and through that asset prices. The price of risk falls substantially while its volatility rises. Bhamra and Uppal (2013) examine analytically the impact of changes in risk aversion and the IES in a three period partial equilibrium model. They also find that risk aversion is important for portfolio behavior. (See also Bhamra and Uppal (2006).) 
Model
This is an endowment economy with a single, nonstorable consumption good in each period. Time is discrete, infinite, and indexed by t = 0, 1, 2, ... The first period, t = 0, is a planning period in which financial contracting takes place. There are a unit measure of households that come in a finite set of household types indexed by i ∈ {1, ..., I} . These household types differ in terms of their preferences, beliefs, and asset trading technologies. All households have additively separable utility functions over consumption with constant discount rates. The aggregate amount of the endowment good is stochastic, and household endowments are subject to both aggregate and idiosyncratic shocks. Asset markets are complete, and both a stock and a risk-free bond are traded. A household's portfolio selection is limited by its trading technology.
Endowments and Shocks
There are two kinds of shocks. The first is an aggregate growth rate shock z t ∈ Z. The second is an idiosyncratic household-specific income shock η t ∈ N in period t. We assume that Z and N are finite. The variable z t denotes the history of aggregate shocks and η t denotes the history of idiosyncratic shocks. The history state for a household is (z t , η t ).
The aggregate per capita supply of the endowment good is given by Y t (z t ) and evolves according to
with Y 0 (z 0 ) = 1. A household's endowment of this good comes in the form of two Lucas fruit trees. The first tree yields diversifiable income (1 − γ)Y t (z t ). The household is free to trade claims directly on this income and hence it forms the basis for a positive net supply of financial wealth. The second tree yields non-diversifiable income γY t (z t )η t and is subject to the household's idiosyncratic income shock. We assume that the household cannot directly trade away its claim to non-diversifiable income; hence, its ability to hedge its idiosyncratic risk will depend on whether its asset trading technology allows it to trade claims that are conditional on η t . For simplicity, we assume that all households face the same stochastic process for idiosyncratic shock. We assume that the expected value of η t is 1 and that the law of large numbers applies. So, these idiosyncratic income shocks average out in the population. Thus the per capita supply of non-diversifiable income is γY t (z t ), and γ is the overall share of income that is non-diversifiable. We use π(z t , η t ) to denote the unconditional probability of state (z t , η t ) being realized.
In a slight abuse of notation, we also use π(η t ) to denote the unconditional probability of personal history η t . Since we can appeal to the law of large numbers, π(η t ) also denotes the fraction of agents in state z t that have drawn an idiosyncratic history η t . The events are first-order Markov and, continuing our pattern of notation abuse, we assume that the conditional probability of (z t+1 , η t+1 ) is given by
Thus, we allow the distribution of idiosyncratic shocks to depend on the aggregate shock, but not the reverse. We introduce some additional notation to deal with the timing on the event tree: z
Asset Markets
Households trade assets in securities markets that reopen every period. A wide range of assets can be traded, including one-period Arrow securities, a risk-free bond, and a levered equity claim. So, asset markets are complete, but restrictions on a household's ability to use these assets may render it incomplete from its perspective. We denote the price of a unit claim to the final good in aggregate state z t+1 acquired in aggregate state z t by Q t (z t+1 , z t ).
We take the price of a unit claim in state (z t+1 , η t+1 ) to be
If a trader can hedge his idiosyncratic risk, then this price is implied by arbitrage, while if not it is an innocuous assumption since he will care only about the aggregate state price
Starting from aggregate state-contingent Arrow bond prices, we can back out the aggregate present-value prices recursively as follows:
From the present-value price P (z t ), we can construct the state prices as
.
Consistent with (3), we let
denote the stochastic discount factor that prices any random payoffs. In addition to state-contingent bonds, we split the aggregate diversifiable income stream,
, into payments on a risk-free debt and an equity claim. For simplicity, the bonds are taken to be one-period risk-free bonds. Since we assume a constant leverage ratio ψ, the supply of one-period non-contingent bonds B s t (z t ) in each period needs to adjust such
where V t [{Y }](z t ) denotes the value of a claim to aggregate income in node z t . The payout to bond holders is given by R
is the risk-free rate between t − 1 and t in node z t−1 . The payments to shareholders, D t (z t ), are then determined residually as follows:
In our model, the supply of shares is constant and all equity payouts come exclusively in the form of dividends. We denote the value of the equity claim as
the gross return on the dividend claim between t − 1 and t. A trader who invests a fraction ψ/(1 + ψ) in bonds and the rest in debt is holding the market portfolio. Note that both equities and the risk-free bond are in positive net supply because they add up to a claim to diversifiable wealth.
Asset Trading Technologies
Our households face different asset trading technologies that take the form of portfolio restrictions and net wealth constraints. Portfolio restrictions fix the relative amounts that the household can invest in certain groups of assets. As a result, a household can choose only how much to invest in such an asset group. Since the relative shares within a group will determine the return on the total amount invested in the group, given the asset returns within the group, each group in effect becomes a single asset from the perspective of a restricted household. The total number of groups available to a household, along with their possibly state-contingent returns, will then determine the extent to which it can allocate financial wealth tomorrow across states of the world. To ensure that the stochastic discount factor is uniquely determined, at least with respect to the aggregate shock, we assume that a positive measure of our agents can freely trade an aggregate state-contingent bond. This implies that the return on any traded asset can be expressed in terms of the return on an Arrow security as a result of arbitrage. Hence, we can simply think of all households as trading the state-contingent Arrow securities subject to a linear portfolio restriction.
We denote by 
hold out symmetrically by endowing them with a claim to diversifiable income, (z 0 ). There is no consumption in period 0; however, households use this period to trade their claims into consumption consistent with their trading technology as dictated by their measurability and borrowing constraints. The second constraint is the household's measurability constraint, which dictates that each period the household's continuation net savings, and hence its beginning of period net wealth, be consistent with the realized returns in z t as given by
and asset investment choices in the prior period σ i (z t−1 , η t−1 ). This asset investment choice is chosen optimally, but its only role is to dictate how net savings, S i zt,ηt (z t−1 , η t−1 ), can vary across realized states. This is because the present value budget constraint already requires overall consumption spending to be consistent with the household's overall wealth. The final constraint is the net wealth limit, which caps the extent to which wealth can be transferred across states by forcing the present value of net savings in that state not to be too high, and hence the net asset position too low. This is a standard convex programming problem -the constraint set is still convex, even with the measurability conditions and the solvency constraints. The first order conditions are necessary and sufficient. The first-order condition for consumption is given by
This condition is common to all traders irrespective of their trading technology because differences in their trading technology do not affect how c(z t , η t ) enters the objective function or the constraints. However, it does vary depending on their utility function, discount rate and beliefs. To economize on notation, define the recursive multiplier
Note that this implies that ζ 0 = χ and that ζ evolves over time as follows for all t ≥ 1:
The first order condition with respect to σ(z t , η t ) is specific to a trading technology. For active aggregate-complete traders, their conditions are given by
For passive fixed-portfolio traders, their conditions are
The recursive rule (7); the two first order conditions, (8) and (9) or (10); the measurability condition with respect to net savings, (5); and the net-wealth constraint written in terms of net savings determine the updating rule for our recursive multiplier.
3.7 The Reference Consumer, Consumption Shares, and Asset
Prices
We construct a reference consumer for each household and a mapping from the household's recursive multiplier to a Negishi-type weight for the reference consumer in a static allocation problem that will lead him to consume the same level of consumption as the household given the state prices. These reference consumers have identical CRRA utility functions, discount rates, and beliefs. As a result, we are able to exploit an aggregation result along the lines of CCL2011 and CCL2012. To do so, we express the reference consumer's consumption share in terms of his Negishi weight and a single moment of the overall weight distribution in that aggregate state z t . Given this, we are able be able to derive an expression for the stochastic discount factor that depends only on the aggregate growth rate of output and the updating of this single moment of the weight distribution. We start by constructing an allocation problem for all traders. In this problem, the state contingent price of output is P (z t ) and each reference agent has identical CRRA flow utilitȳ u(c), the same discount rate β, common beliefs π, and a Negishi weight 1/ζ i (z t , η t ). (In an abuse of language, we refer toζ i (z t , η t ) as the Negishi weight even through it is actually its inverse.) The static allocation problem is given by
The first-order condition for consumption is then given by
whereᾱ is the common risk-aversion rate for the reference trader. Then, note that if we set
then both the type i trader and the reference consumer with recursive multiplierζ
would make the same consumption choice (given the same price P (z t )). In essence, this mapping rule indicates the appropriate "change in variables" to allow us to recover our aggregation results in this richer environment.
Remark 1. This mapping takes a very simple form in case where
In this case, our mapping rule becomes
where α i is the CRRA coefficient for type i.
Assume that we constructed the social planning weight for each type of trader as dictated by (11). Then, note that since aggregate consumption is the sum of individual consumptions, it is given by
Note next that the consumption share of the type i reference consumer is given by
Hence, the consumption share of the consumer is determined solely by the ratio of his social planning weight raised to the −1/ᾱ relative to the average of this ratio in the population. Define this average as
This is our first aggregation result, where we have transformed our recursive multipliers in "weights" that we can use to construct consumption shares. Assume that we had constructed the reference multipliers at all dates and states, and note that for each reference type
If we substitute consumption by using the prior result on consumption shares, we derive
which simplifies to
This is our second aggregation result, and leads to the following proposition. This result implies that we can think of the equilibrium of our economy in terms of a simple fixed point. If H(z t+1 ) = h(z t+1 )/h(z t ) is the updating rule implied by the reference recursive multipliers, then prices are given by (13). Given the prices, when we construct the updating rule for ζ i (z t , η t ) and thereby forζ i (z t , η t ), the resulting values of
Remark 2. Our aggregation results are fairly general. For example, we could have 1. assumed a finite of traders of each type, 2. allowed for preference shocks, θ t , so that flow utility becomes θ t u i (c t ),
3. included an additively separate disutility of labor, so flow utility is
4. as we shall show in one of our quantitative exercises below, assumed recursive utility.
Computational Algorithm
Here we discuss how to construct a computational algorithm to compute an equilibrium of our model. The algorithm involves several steps. First, a law of motion for the updating of the multiplier moment ratio,
, is posited. Note that this updating rule is with respect to the cross-sectional moment of the reference traders. Given this updating rule, we can determine relative state prices Q(z t+1 ) = P (z t+1 )/P (z t ) using (13). Second, we solve for the household's savings function and multiplier updating rule for the standard traders. Third, we map the sequences of household multipliers into the implied sequences of reference traders' multipliers and compute the implied updating rule for their multiplier moment. Fourth, we compare our original guess of H(z t+1 ) with its realized value; if they are the same, we have an equilibrium and if not, we need to iterate on H(z t+1 ) in some fashion. To simplify, we assume preferences are CRRA (though they may differ in terms of their degree of risk aversion). Remember that our agent's beliefs differ only with respect to the aggregate state's evolution. To describe step 2 in more detail, note that we can recursively represent the savings functions as
To close the system we need to specify how the household's recursive multiplier ζ is updated. The updating of the individual's multiplier ζ
must be consistent with our (i) saving's measurability condition (5), (ii) net wealth constraint 4, and (iii) optimality condition (9 or 10). To satisfy (i) and (ii), there must exist
where
is a conditional vector and ζ i t+1 (z t+1 , η t+1 ) is understood to vary with this conditioning, and
For example, to satisfy (iii) for passive fixed portfolio traders, it must be the case that
if the net-wealth bound does not bind. To satisfy (iii) for an aggregate-complete trader it must be the case that ζ
if the net-wealth bound does not bind. If the net-wealth bound binds, then ζ i t+1 (z t+1 , η t+1 ) must be such that it satisfies the bound and the bound multiplier ϕ i (z t+1 , η t+1 ) and portfoliorestrictions multiplier ν i (z t+1 , η t+1 ) are chosen so that the updating rule and (9) or (10) are jointly satisfied. The outcome of step 2 is an operator
gives the law of motion for the recursive multiplier ζ for a household of type i.
In the third step, we compute the implied sequence of multipliers {ζ
for each of our types. We then use our mapping rule (11) to map these sequences into sequences of weights for our reference traders ζ i t (z t , η t )
∞ t=0
. Then we can compute the implied values of the key moment of the distribution in each state (z t , η t ) using (12), and thereby complete third step by computing the implied value of
This computation is simplified by first stationarizing the economy, and second making a key assumption. The law of motion H(z t+1 ) depends in principle on the either history z t+1 . However, we have found that a sufficiently long but finite history allows computation of the equilibrium with a very high degree of accuracy. Let j denote the length of the utilized history and let z ∈ Z j denote an element of these j-period histories. Then the moment updating and relative state prices -H(z, z ) and Q(z, z ) -are simply functions of the history transition. In addition, the saving function S i (ζ, η, z) and multiplier updating rule T i (ζ, η, z) are functions of the aggregate history state, the current idiosyncratic shock, and the recursive multiplier ζ. Hence, computing them amounts to a simple fixed point operation.
In sum, our algorithm works by first positing H 0 (z, z ) for all z, z ∈ Z j and Pr(z |z) > 0 (i.e., positive probability history transitions). Then it works as follows:
1. Draw a long sample of aggregate shocks {z t } and a corresponding large panel of idiosyncratic shocks η ij t , where i corresponds to the trader's type and j distinguishes among traders of a given type. The proportions of trader types is determined by µ i . Construct the implied history state sequence {z t } from {z t } .
2. Construct the sequence of relative prices Q 0 (z, z ) for each positive probability finite history transition using H 0 (z, z ) and the pricing rule (13).
3. For each type i, use the stationary first-order conditions and savings function S i (η, z, η t ), along with the budget constraint and measurability conditions to construct the transition rule for their recursive multiplier T : ζ = T i (η, ζ, z, z ). 4. Use T i (η, ζ, z, z ) and (11) to construct the implies sequence of reference recursive multiplier ζ ij t for the panel. Note that these reference multipliers correspond oneto-one with the consumption share of each agent. We therefore take the ratio of the actual average consumption share and one as a measure of the allocation error (and hence of the accuracy of our approximation).
Construct the panel of implied reference weights and use them to estimate
If z takes on a small set of values this can be done using simple conditional means.
If the accuracy is high and
to the second step with a new guess for H.
Baseline Model
The parameter setup of our baseline model is similar to that of CCL2011. Our baseline model operates at annual frequency. We set the value of the coefficient of relative risk aversion α to 5 and the time discount factor β to 0.95. These preference parameters allow us to match the collateralizable wealth to income ratio in the data when the tradable or collateralizable income share 1 − γ is 10%. The aggregate shock process of our model is governed by a two state Markov chain and is largely calibrated to match the moments of consumption growth data used in Mehra and Prescott (1985) . The average consumption growth rate is 1.8% and the standard deviation is 3.16%. The elements of the discretized process for aggregate shocks are {0.9602, 1.0402}. Since U.S. recessions occur less frequently than expansions, we set 27% of realizations as low aggregate consumption growth states and hence 73% are high growth states. Unlike Mehra and Prescott (1985), we assume i.i.d. consumption growth, so the first-order autocorrelation coefficient of aggregate consumption growth is zero.
We calibrate the idiosyncratic income process as in Storesletten, Telmer, and Yaron (2007) , except that we eliminate the counter-cyclical variation of labor income risk. Hence, the variance of labor income risk is constant in our model, which together with i.i.d. assumption of aggregate shock implies that all propagation is internally generated. The Markov process for the log of the labor income shock, log η, has a standard deviation of 0.71 and its autocorrelation is 0.89. We also use a two-state discretization for idiosyncratic risk. The elements of the discretized process for η are {0.3894, 1.6106}. Equity in our model is simply a leveraged claim to diversifiable income. Following Abel (1999) and Bansal and Yaron (2004) , we set the leverage parameter ψ to 3 so the variance of the growth rate of dividends is closer to the data. We set the net wealth constraint at zero, which means that households cannot borrow against their idiosyncratic income.
We consider three types of trading technologies that can be easily ranked in terms of their sophistication. The first and most sophisticated are aggregate-complete active traders who can trade (i) Arrow bonds conditional on aggregate growth shocks and (ii) equity and riskfree debt claims. The second and least sophisticated are nonparticipants -, that is, passive traders who hold only risk-free bonds. The third technology is that of the disversified traders, who are passive traders who hold debt and equity claims in the same fixed proportion as existed in the market. The diversified traders are following the standard advice of holding the market and will earn a higher return than the nonparticipants to the extent that the economy exhibits an equity premium, which it will. That is why we rank the sophistication of their trading technology between that of the other two types.
In the most recent Survey of Consumer Finances, around 50% of households reported owning stocks directly or indirectly. Therefore, the fraction of passive traders with zero equity holding (non-participants) is calibrated to 50%. In order to deliver a large equity premium, a small fraction of active traders need to bear the residual aggregate risk created by non-participants. This leads us to set the share of active traders to 10%. We set the share of passive traders who hold both equities and debt to 40%.
Baseline Results
We begin by computing the equilibrium outcomes for our baseline economy. Table 1 reports the results. The average value of the MPR of 0.40 and the risk-free rate of 1.93% are very close to what financial economists estimate in the data. The low volatility of the risk-free rate also agrees well with the data. Figure 1 shows several plots of the dynamics of our baseline economy for a fixed 100 period simulation interval. Low aggregate growth rate realizations are in the grey shaded panes. A plot of the Sharpe ratio (shown in the first panel) indicates that the Sharpe ratio (and the MPR) are counter-cyclical, as they are in the data. However, the volatility of the MPR is much lower than commonly estimated. 
Ratio of Group Wealth to Average Wealth
As would be expected, since the active traders have the most sophisticated trading technology, they earn the highest return on their investments, with an excess return of 4.64%. The diversified traders have an excess return of 1.45%. The nonparticipants, with the least sophisticated trading technology, by construction have no excess return. The active traders earn higher returns by taking more risk, as indicated by a much more volatile excess return: The standard deviation of their excess return is 12.08, while that of the diversified traders is only 3.80. The active traders achieve their high and volatile returns by heavily investing in risky assets, with equities making up 79% of their portfolios on average. Moreover, their equity exposure is very tightly connected to cyclical fluctuations in the pricing of risk; as a result, the correlation of their equity share and the Sharpe ratio on equities is 0.94.
The differences in investment returns affects the wealth distribution. The active traders accumulate more than twice as much wealth per capita as the average individual. The average wealth level of diversified traders is close to average per capita wealth, while the nonparticipants on average have only 84% of per capita wealth. When we turn to consumption, the agents with the most sophisticated trading technology have the lowest standard deviation of consumption growth, , denoted by σ ( log(c i )) , while those with the least sophisticated technology have the highest. In Table 1 , the standard deviation of individual consumption growth is 10.8 for the active traders, 12.2 for the diversified traders, and 13.0 for the nonparticipants. However, when we look at the volatility of average consumption for a trader-type, denoted by σ ( log(C i )) for traders of type i, the results are reversed. The standard deviation of the growth rate of average consumption for the active traders is 7.0, for diversified is 3.6, and for the nonparticipants it is 2.6. This is because averaging removes the impact idiosyncratic income shocks and thereby reveals that the agents with the more sophisticated trading technology are using this technology to take on more aggregate risk. Hence, their consumption fluctuations are driven more by aggregate shocks, while the reverse is true of the nonparticipants whose trading technology shields them more from aggregate risk.
The first panel of Figure 1 shows a plot of the conditional Sharpe ratio for a fixed simulation interval. In this plot, the gray bars indicate negative growth rate realizations while the white bars indicate positive realizations. One can see from the plot that the price of risk is counter-cyclical, just as in the data, though not as much as in the data. In addition, the second and third panels of Figure 1 show plots of the average equity share and the average wealth to per-capita wealth ratio for active traders for our fixed simulation interval. It indicates that the average equity exposure is counter-cyclical, while the wealth ratio is pro-cyclical. These plots indicate the fundamental dynamics driving asset pricing in our baseline economy. The active traders absorb the aggregate risk created by investors who hold low risk assets. They do this by holding large amounts of the equity claims and low amounts of risk-free debt. At certain points, their average holdings are greater than 100%, indicating that they are shorting the risk-free security to meet its demand. At the same time, high realizations of the aggregate growth rate shock lead them to become relatively rich, while low realizations lead to the reverse. When they are relatively poor, the active traders are induced to hold large amounts of equity by a high Sharpe ratio. These fluctuations in the relative wealth of the active traders and the resulting price they demand to bear the amount of aggregate risk being pushed at them by the market leads to the aggregate dynamics in the model. If all of our traders were either active traders or passive traders who held the market, then there would be no dynamics in the stationarized economy. As a result, each group would simply "hold the market" in their portfolios and have a constant and identical consumption share. These outcomes are very similar to results reported in our earlier work; in particular CCL2011, where we discuss them in greater detail.
Belief Heterogeneity
In this section, we consider belief heterogeneity with respect to the aggregate shock z t . A natural issue with respect to forming beliefs about the aggregate shock is how much to rely on the full-time series history. This is because it is unclear how strong a stationarity assumption to impose and statistically it can be difficult to determine whether and when a structural break in a time series has occurred, especially if is fairly recent. In forecasting models, it is common practice to allow for the possibility of structural breaks by (i) using a moving window in the estimation, (ii) explicitly allowing for parameter drift, or (iii) downweighting older observations (See Clements and Hendry (2006) ). Procedures such as these lead to parameter estimates that are more responsive to recent data than to older data and suggest that this greater responsiveness can have a rational basis. We therefore allow for some traders who put more weight on recent data in forming their beliefs.
To keep things relatively simple, we assume that the operative data generating mechanism is always taken to be first-order Markov. Given this, and a belief that a structural break has occurred, a forecaster needs to use the recent data to form appropriate beliefs about the new transition probability matrix. Two approaches present themselves.
The first approach is to use the recent data to form the MLE estimate of the transition matrix, and then couple this with a probabilistic view of the likelihood of a transition from the long-run data generating mechanism to this new data generating mechanism. To keep things tractable, we will assume that these agents only consider the possibility of a break a fixed number of periods in the past. Because the possible break will be recent, and the data will not be very informative about the likelihood of a break, we will assume that they have a fixed probability as to a break. We will refer to the agents who act in this fashion as having "volatile beliefs". The volatile-belief agents are implicitly allowing for a wide range of possible new regimes (equal to the set of all possible outcomes since the series break). But, at the same time they are ignoring parameter uncertainty and simply switching from the former MLE estimate to the new MLE estimate as their alternative to the long-run estimate as they accumulate new data. Note that our volatile-belief agents nest our rational agents, since they can be thought of as volatile-belief agents who put zero weight on the MLE estimate and weight 1 on the ergodic estimate.
The second approach is to view the data within a Bayesian perspective where one allows for several (here two) possible new transition matrices and then uses the recent data to appropriately weight these new outcomes. As in the literature, we will refer to these different transitions matrices as regimes and assume that switches between them are unobserved. We will also require that these transition matrices and the agent's overall beliefs about how we switch from one regime to another is consistent with long-run facts from the data. As a result, these agent's beliefs will nest the ergodic if we assume appropriate i.i.d. probabilities for the regimes. We will refer to agents who form beliefs in this fashion as "Bayesian regimeswitchers". Note that unlike the volatile-belief agents, the Bayesian regime-switchers are not using the data to directly infer the nature of the operative transition matrix. Instead, they are using the data to infer which of the possible data transition matrices are operative.
Both the Volatile-belief and Bayesian regime-switchers become more (less) optimistic about future realizations of the aggregate growth rate z t after seeing a large (small) number of recent high growth occurrences. This leads them to become more (less) optimistic about future income, dividend and equity price growth since all of these outcomes are associated with high z t realizations. Their optimism does not rely on a misunderstanding of the equilibrium relationships implied by the model, nor does it rely on some sort of implicit bubble in asset prices. Rather, it stems from optimism with respect to the fundamentals that drive the model. Conditional on a sequence of high aggregate growth shocks, the outcomes are completely in line with their expectations, moreover they also correctly anticipate that if instead a sequence of low growth are realized what will result. They simply miss-estimate the likelihood of these different outcomes relative to the ergodic data generating device. As a result, they are aware of their conditional risks. This distinguishes our approach from that of Long, Shleifer, Summers, and Waldman (1990) or Barberis, Greenwood, Jin, and Shleifer (2013) , whose traders rely on short-term price extrapolation.
We focus on the impact of belief heterogeneity with respect to our active traders who are choosing not only how much to save but also their portfolio holdings. We do this because fluctuations in beliefs about the future realization of z t+1 are likely to affect both these decisions and therefore the impact of belief heterogeneity is maximized.
Volatile Aggregate Belief Traders
5.1.1 Definition Definition 1. A trader with volatile beliefs (VB) believes with probability κ the current aggregate transition z t → z t+1 is governed by π (z t+1 |z t ) and with probability 1 − κ it is governed by a new Markov transition matrix about which he has a uninformative prior. Conditional on the occurrence of a shift in the transition matrix, his best estimate of the new transition matrix would be the empirically observed transition frequencies since the assumed potential shift date t − j. Let Π ·|·; z t t−j denote these conditional transition frequencies for the history z t t−j . Then, the trader's conditional probability distribution over z t+1 would be given byπ z t+1 |z t = κπ z t+1 |z t + (1 − κ)Π z t+1 |z t ; z t t−j .
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The volatility of beliefs is governed by the parameter κ. With κ = 1, these traders rely solely on the ergodic transition probabilities and have stable beliefs that do not vary over time. With κ = 0, they are using a rolling window that completely ignores older data. With κ ∈ (0, 1), traders with VB down weight older data through the use of two tiers: older than j years and j years or less.
Volatile Belief Experiment
The first experiment involves giving half of our active traders slightly volatile beliefs. We set the belief parameter to κ = 0.75, which implies that 75% of the probability mass is placed upon the ergodic transition matrix, while the remaining 25% is placed on the observed transition frequencies during the past 5 years. The results are reported in the second column of Table 2 and in Figure 2 .
The first and second columns of Table 2 show that the average MPR and the average risk-free rate change little. However, the volatility of the MPR increases by a factor of 3. The increased volatility in asset prices widens the gap of the excess returns among our traders. The average excess return of the standard active traders rises to 5.1%, while that of the VB traders falls to 3.3%. The lower excess return for the VB traders is due in part to the fact that their average equity share is much lower than in the benchmark case. At the same time, this forces the average equity share of the standard active traders to rise to 0.90. Note also that the average equity share of the VB traders is more stable, with a standard deviation of 0.14, while that of the standard active traders is higher at 0.26. When we compute the Sharpe ratio using the ergodic probabilities, we find that the correlation of their equity share with the Sharpe ratio is the mirror image of the normal active traders: -0.974 vs. +0.982. Thus, the VB traders are systematically mistiming the market and this also depresses the excess return on their portfolio. At the same time, the standard deviation of their excess return is also substantially lower than that of the standard active traders: 9.3% vs. 13.1%. However, the fact that their equity share is more stable means that the extent to which they move their equity share the wrong direction is not that large.
The differences in returns leads to differences in wealth accumulation and consumption for our two types of active traders. The average ratio of the per capita wealth of our standard active traders to overall per capita wealth is 2.4 and that of the VB traders is 1.9, while the standard deviation of this ratio is 0.54 and 0.48, respectively. Interestingly, the standard deviations of consumption growth are both very similar, which indicates a similar degree of overall consumption smoothing. In addition, the volatility of the ratio of group average consumption to per capita consumption are also very similar, which indicates that their exposure to aggregate risk is very close.
To better understand the dynamics in this first experiment, we display some key series from the same fixed interval in the simulation panel in Figure 2 . The first panel shows the probability that the two types of active traders assign to the event that the next period aggregate growth rate shock is high. Because we assume that the growth rate shocks are i.i.d., this probability is constant for our normal active traders but pro-cyclical for our VB active traders. However, the fluctuations are fairly modest, staying between 0.80 and 0.60 and often near the 0.72 ergodic probability. The second panel shows the conditional Sharpe ratio, which indicates that the VB traders' probability and the Sharpe ratio are strongly negatively correlated. This negative correlation means that the pricing of risk and the likelihood of a good outcome are moving in opposite directions for these traders, which simultaneously explains the low and stable equity shares for them relative to the normal active traders in the third panel. It is interesting to note that the VB traders appear to exhibit momentum trading: Their equity share rises after a series of good shocks/returns and falls when the reverse is true. The final panel shows how the per capita wealth levels for these two types of traders (relative to the average per capita wealth) evolve. It is easy to see that the VB traders have lower and smoother wealth levels.
To get more perspective on individual level behavior, we also examined how the trader's policy rules vary with wealth. In Figure 3 we plot the equity share as a function of wealth for both the rational and the volatile-belief types. We do this for two history states, one where beliefs are very close and one where they are very far apart. First, both types of traders have the highest equity share at wealth levels very near the lower bound, and they decline with wealth. This is because, with zero financial wealth, aggregate risk exposure is coming solely through the individual's non-tradeable income, and the exposure level is equivalent to holding the market. To put this another way, exposure to aggregate risk is highly rewarded. At high wealth levels, the trader's aggregate risk level is essentially determined by his financial portfolio composition which is skewed towards equities, while at low wealth levels the exposure to aggregate risk coming through income is more important. Thus, at low income level the individual actually holds more equities in his financial portfolio to offset the lower aggregate risk exposure coming through his non-tradeable income. The gap in equity exposure is largest in the state in which there is the largest belief disagreement. In this state, the low probability that the volatile-belief type attaches to a high aggregate shock substantially dampens his equity investment, especially at low wealth levels. In Figure 4 we plotted the ergodic wealth distribution by type. For the active traders, the wealth distributions look roughly log-normal and are similar except in the right tail. Only the rational active traders become extremely wealthy, where that is taken to be a wealth level more than 30 times aggregate income. The wealth distributions for the two types of passive traders look different from each other and from the active traders. Both traders have large masses of individuals near the net wealth bound of 0, and this is particularly pronounced for non-participants. Also, the upper limit on their wealth is much lower than for the active traders; again this more pronounced for non-participants.
Bayesian Regime-Switching Beliefs

Definition
Here we consider an environment where some households assume that the aggregate growth shock {z t } follows a simple regime-switching process. Just as in the baseline calibration, the observed growth rate takes on two values, z t ∈ {z h , z l }, where z h > z l . The households believe that with evolution of the growth rate is governed by a two state process in which Frequency the probability of the high growth rate is π h in the high regime and π l in the low regime, where π h > π l . The regime state, s t ∈ {h, l} , follows a simple Markov transition process, with the probability that s t+1 = s t is ρ, and hence the probability of a switch is 1 − ρ. We assume that the regime cannot be observed, only the realized sequence of growth rates z t . These households use the observed history to infer the probability of the regime being high or low. Using Bayes' rule, these probabilities have a simple recursive relationship. We therefore refer to such households as having Bayesian regime-switching beliefs (BRS). This recursive relationship leads households to place less weight on distant observations. The rate at which this weight declines with time is slower the closer ρ is to 1 and steeper the close ρ is to 0.5. Here we construct the recursive relationship that governs a BRS household's belief that the regime is high. Denote the probability of a high growth state conditional on z t by ω t = Pr(s t = h|z t ). We want to derive a simple recursive relationship to allow us to update ω t+1 given ω t and z t+1 .
Starting from Bayes rule,
Rewriting yields
if z t+1 = z h , and
Using this simple recursion, we can compute the implied probability that the regime is h, and this probability summarizes the relevant history for forecasting s t+1 in a single statistic. This statistic will increase in the frequency of high draws. By manipulating the probability ρ, we are in essence playing around with the volatility of beliefs. For ρ = 1 or ρ = 0.5, we have completely stationary beliefs, while for 0.5 < ρ < 1, there is a dependence on past history, which makes beliefs vary across the realization of past aggregate shocks.
Formally, because the regime-switching model has a great deal of structure, one should be able to test it and reject it if the data were generated by an i.i.d. process for z t . To overcome this objection, we find it useful to think of the data as only recently being determined by the regime-switching model. In this case, our version of regime-switching is something of a hybrid between the volatile-belief model and a true regime-switching model. This interpretation is consistent with our truncation of the data used in the recursion.
Bayesian Regime-Switching Belief Experiment
This experiment involves giving half of our active traders Bayesian regime-switching belief. To maintain tractability, we assume that the households use only the most recent j observations in forming their beliefs.
10 We set the belief parameters as ρ = 0.85, π h = 0.9, and π l = 0.552. Given this setting, we find that the beliefs of BRS traders are fairly close to those of VB traders. Therefore, their behavior is also fairly close, and hence the results of this experiment are quite similar. The asset pricing results are almost identical. (See Table 2 ) Similarly, traders with BRS beliefs earn a lower return on their wealth and end up poorer than our standard active traders with correct beliefs. However, the return of BRS traders is higher than for either type of passive trader and they end up much richer as a result. The consumption and portfolio behaviors of BRS traders are very similar to those of VB traders.
When the "Crazy"-Types Are Right
The BRS traders have a single model of the stochastic generating process that is consistent with long-run moments from the data. (It is only inconsistent with short-run correlations.) The VB traders have in effect multiple models, none of which need be consistent with the long-run moments from the data. It therefore seems natural to use the BRS data generating device to examine its implications. This turns out to be fairly easy. We simply change the stochastic process generating the aggregate shocks, {z t }, redraw the aggregate shocks for our panel, and recompute the equilibrium. Because our finite aggregate history accurately summarize the internal dynamics, the updating rule for the multiplier moment ratio, H, is very similar to the BRS or VB experiment, and the major change is to the transition probabilities for our finite aggregate histories. Because the aggregate shocks now exhibit positive persistence, the main impact of this change in the transition probabilities is to increase the likelihood of more extreme history states with a large number of either high or low shocks. We do two experiments with the BRS aggregate stochastic process. In the first, half of active traders and all passive traders are standard (i.e., they assume that z t is generated by our i.i.d. version of Mehra and Prescott (1985) while half of the active traders are VB traders. In the second experiment, we change half of our active trader to have BRS traders, while keeping the rest standard. The results are reported in Table 3 . As before, the two experiments yield similar outcomes despite the change in the aggregate shock process. (Note that we are computing the conditional Sharpe ratio using the ergodic probabilities.)
The greater frequency of sustained high or low growth shock realizations leads to more frequent large swings in the beliefs of our VB and BRS traders. This (i) modestly reduces the negative correlation of their group average equity investment share with the conditional Sharpe ratio and (ii) slightly reduces the volatility of their average equity share but leaves their portfolio behavior largely unchanged. The impact on asset prices is fairly modest, though there is a slight increase in volatility of the pricing of risk. With respect to realized returns, those of the standard active traders fall slightly, whereas those of the VB and BRS traders rise very slightly. This leads the average ratio of standard active trader wealth to per capita wealth to fall slightly, while that of VB and BRS traders rises slightly. This in turn leads to a slight increase in the volatility of the standard active trader's volatility of consumption growth and a decrease in the nonstandard trader's. At the same time, the impact the lower (higher) wealth levels decreases (increases) the impact of aggregate fluctuations on consumption.
Less Patient Traders
This quantitative experiment involves lowering the discount rate for half of our active traders from 0.95 to 0.925, thereby making them less patient (LP) than the normal active traders. Surprisingly, this change has little impact on the outcomes at either the aggregate or the individual level. The last column of Table 2 shows the results.
At the aggregate level, asset prices were virtually unchanged relative to the baseline model. At the individual level, the two types of active traders had very similar average equity shares, similar volatility in their equity shares, and a similar correlation of their equity share and the Sharpe ratio. The LP traders had a lower and less volatile per capita wealth, and their consumption growth rate was more volatile. However, the volatility of the average growth rate of consumption for the two groups was very similar, reflecting the fact that they had similar exposure to aggregate risk. The similarity in the outcomes of the two types of traders and the level differences in wealth can be seen clearly in the second and third panels of Figure 5 .
To understand what is occurring here, note the following. The fact that both type of traders have similar exposure to idiosyncratic risk and the same borrowing constraint leads to similar demands for precautionary saving. However, differences in patience imply differences in the extent to which the low risk-free rate leads to a downward drift in the per capita wealth. As a result, the point at which the two forces offset is lower for the LP traders and hence their average wealth level is also lower.
Risk Aversion versus Intertemporal Elasticity Substitution
In this section, we indicate how our methodology can be extended to allow for recursive preferences that distinguish between the degree of risk aversion (RA) and the intertemporal elasticity of substitution (IES). We then use this extension to examine the implications of these variations for our economy. 
Recursive Preferences
To extend our methodology to allow for households with different recursive preferences, assume that a type i household has recursive preferences along the lines of Epstein and Zin (1989) and these preferences are given by
where R t denotes the operator
With these preferences, ρ controls the substitutability between consumption today and future utility as measured by V t+1 , and α controls the willingness to have future utility vary across states of the world tomorrow (i.e., risk). To economize on notation, we do not index ρ, α, and β by i; however, it should be understood that they can differ with the trader's type.
We can replace the objective in Trader i's problem (6) with this objective. We can then determine the first-order condition by recursive constructing of the derivative of V t with respect to c(z t , η t ) as
By backward induction, we get
With these results, we can write the first-order condition for our trader's consumption c t (z t , η t ) as 2. Changes in RA have a big impact. The pricing of risk falls sharply, though its variability rises. This is driven by the increased willingness of our low RA traders to absorb aggregate risk, which in turn leads to their earning higher excess returns. However, the reduction in their precautionary motive to save leads them to accumulate less wealth. Combined with their more aggressive portfolio behavior,this leads to an increase in both their individual consumption volatility and their group average consumption volatility as measured by the standard deviation of the growth of consumption.
3. Changing the CRRA coefficient generates results consistent with the individual component changes. Because changing the IES does very little, the results look very similar to the RA results.
Conclusion
We develop aggregation results for an economy with heterogeneous preferences and beliefs, as well as different portfolio trading restrictions. These aggregation results allows us to readily compute the equilibria of our economy when there are many agents and many types, and when these agents face both idiosyncratic and aggregate income risk. To develop this aggregation result, we exploit an analytic trick in which we construct a "twin planning economy" in which appropriately chosen planning weights result in the twin's consumption being identical to that in the original economy given the same history state and state price for consumption. Using this construction we are able to derive the appropriate change of variables to recover the aggregation results that we previously derived for economies with homogenous preferences and identical beliefs. This analytic trick is fairly general. As one illustration of this, we consider recursive preferences along the lines of Epstein and Zin (1989) to evaluate the impact of different attitudes toward risk and willingness to intertemporally substitute.
One general finding in all our experiments is that traders who have incorrect beliefs, are more myopic, or earn lower returns because of higher risk aversion do not become economically irrelevant over time. The combination of their net wealth bound and their exposure to idiosyncratic risk leads to a strong precautionary motive to save, and this makes them economically important in the long run. The flip side of this finding is that the low average value of the stochastic discount factor exerts a downward drift on traders' wealth, which prevents traders who have rational beliefs, are more patient, or earn higher returns because of lower risk aversion from accumulating wealth without bound. Instead, it is primarily the level of their average excess returns and the strength of their precautionary saving motive that determine how rich these traders are on average. Higher average returns and a stronger precautionary motive do raise average wealth but only to a limited degree.
A second general finding is that anything that forces a subset of our active traders to absorb more aggregate risk while not lowering their risk aversion leads to an increase in the average price of risk. Additionally, greater cyclical fluctuations in their wealth relative to the extent of aggregate risk they are absorbing leads to greater cyclical volatility in the pricing of risk.
